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Abstract

We present a numerical method to solve a fluid—solid interaction problem posed in the plane. In this scheme, we use
a finite element method to approximate the solid vibrations and the near wave field. The far field effects are taken into
account by means of boundary integral equations posed on an artificial interface that contains the obstacle. The
boundary unknown involved in our formulation is approximated by a spectral method. We obtain a fully discrete
Galerkin procedure whose main advantage is the simplicity of the quadratures used to approximate the weakly singular
boundary integrals. We provide numerical results that illustrate the accuracy of our method and the stability of the
algorithm used to solve the linear systems of equations that arise from this discretization technique.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

We consider a bounded elastic body (the obstacle) embedded in an unbounded compressible inviscid
fluid (the acoustic medium). Any acoustic wave incident on the obstacle transmits part of its energy in the
form of elastic vibrations. At the same time, the elastic vibrations of the solid cause acoustic waves in the
fluid. In this paper, we introduce a numerical scheme to compute the scattered waves and the elastic
vibrations that take place in this interaction between the fluid and the solid.
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The numerical difficulties related to the fact that the scattered wave propagates in an unbounded region
is overcomed by imposing absorbing boundary conditions on an artificial boundary containing the obstacle.
This permits one to incorporate the far-field effects into a finite element discretization of the problem in a
bounded region. The absorbing boundary conditions may be of local (differential) or global type; we refer
to [3,5] for a review of such methods.

In this paper, we use linear integral equations as nonlocal boundary conditions on the artificial interface.
This strategy gives rise to numerical schemes based on a combination of a finite element method (FEM) and
a boundary element method (BEM). Here, we follow [4] and propose the so-called symmetric BEM-FEM
formulation due to Costabel [2] to solve the fluid—solid interaction problem. We point out that Bielak and
MacCamy propose in [1] a BEM-FEM method that also leads to a symmetric formulation and that avoids
the use of the hypersingular integral operator, which is the integral operator whose kernel has the most
severe singularity. In [1,4], the interface that separates the two mediums (the wet interface) is used as a
coupling boundary. In this case, the well-posedness of the resulting formulation (at the continuous level)
requires regularity assumptions that may not be fulfilled in practice by the wet interface. Here, we impose
the absorbing boundary conditions on a smooth but arbitrary interface that contains the obstacle in its
interior. This enlarges a little the domain of finite element computations but this drawback is compensated
by the fact that we remove the limitation to problems with smooth wet boundaries.

The presence of integrals with nearly singular integrands augurs that the matrix assembly process is a
delicate operation in all the BEM-FEM coupling procedures. The design of efficient algorithms for this task
is of great importance in order to improve the practicability of these methods. Another handicap related to
this kind of approximation methods concerns the complicated linear systems of equations to which they
lead. The corresponding matrices are general (symmetric in the case of symmetric BEM-FEM formulations)
and their sparsity is reduced by the coupling procedure. Neither of these two difficulties are addressed in
[1,4]. Here, we will show how to take advantage of the techniques developed in [9-14] in order to handle these
drawbacks in the case of a two-dimensional BEM-FEM formulation of a solid—fluid interaction problem.

Recently, the classical BEM-FEM formulations have been rewritten (see [9-14]) by changing all terms
on the interface to periodic functions by means of a smooth parameterization of the artificial boundary.
These new formulations allow one to approximate the weakly singular boundary integrals by elementary
quadrature formulas. Furthermore, as shown in [13], they permit one to approximate the periodic repre-
sentation of the unknown defined on the boundary by trigonometric polynomials.

The advantage of such a hybrid scheme that combines a finite element method with a spectral method is
that few degrees of freedom are needed on the interface boundary as we confirm by our numerical ex-
periments. This permits one to eliminate the periodic unknown at matricial level by a static condensation
process and reduce in the way the complexity of the linear systems. Here we use a preconditioned GMRES
method to solve the reduced linear system of equations whose matrices are complex symmetric but not
definite. The resulting iterative method only requires the solution of standard (interior) elliptic finite ele-
ment problems. It also allows one to avoid storing the huge global matrix. Our numerical experiments
reveal that the number of iterations of the algorithm does not increase with the number of unknowns.

The paper is organized as follows. In Section 2 we give a more detailed description of the physical as-
sumptions and we set up the governing equations. We derive in Section 3 a variational formulation of the
problem by using integral equations as nonlocal boundary conditions on a smooth artificial interface. We
also state a theorem on the uniqueness of solution of the resulting problem. In Sections 4 and 5, we in-
troduce a discrete problem and provide numerical quadratures that permits one to write a full discretization
of the equations. Finally, in Section 6, we present our numerical results together with the iterative method
used to solve the systems of linear equations.

In the sequel, we deal with complex valued functions and the symbol  is used for v/—1. We denote by &
the conjugate of a complex number a € C and by |«| its modulus. Small boldface letters will denote vectors
or vector valued functions.
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2. Physical assumptions and governing equations

We are concerned with the interaction between an elastic body and a fluid that fills the space around it.
We suppose that a wave is incident upon the body and we are required to determine its response and the
scattered wave.

We assume that the obstacle is an infinitely long cylinder parallel to the x;-axis whose cross-section is €.
We denote by 2 the boundary of €,. The incident acoustic wave and the volume force acting on the obstacle
are suppose to exhibit a time-harmonic behavior with frequency w. We will denote their amplitudes
w = w(x,x,) and f = f(x;,x,), respectively. The incident wave is generally taken to satisfy the Helmholtz
equation Aw +Kw =0 in Q, := R*\ Q,.

The phenomenon is invariant under a translation in the x;-direction. Then, we may consider a bidi-
mensional model posed in the frequency domain. The unknowns of the problem are the amplitude
u: Q, — C? of the solid displacements field and the amplitude p : Qy — C of the scattered pressure.

We suppose that the solid is isotropic and linearly elastic, with mass density p, and Lamé moduli 4, p.
We denote as usual the stress tensor by o(u) := Atre(u)l + 2pe(u), where ¢;(u) = %(g—’; +%) is the infini-
tesimal strain tensor. Furthermore, we assume that the fluid is ideal, compressible and homogeneous with
mass density p, and wave number k = ¢ where c is the speed of sound in the linearized fluid.

Let us denote by n the unit normal on X directed into €,. Under the hypothesis of small oscillations both
in the solid and the fluid, u and p are found out to satisfy the equations

V-o(u) + pw’u=—f in Q,
Ap+Kp=0 in Q

clun=—(p+w)n on X, (1)
pfwzu-nzw on X

and the decay conditions
—1/2 op ~1/2
p=00""7), Likp=o() e

when » — +oo uniformly for all directions ‘7““
The first two equations of (1) are, respectively, the elastodynamic and acoustic equations in time-har-
monic regime. The transmission conditions posed on X represent the equilibrium of forces (dynamic
boundary condition) and the equality of the normal displacements of solid and fluid (kinematic boundary
condition). Finally, Eq. (2) means that the far field absorbs the outgoing waves (cf. [5] for more details).

It is known that if f = 0 and w = 0 then p = 0 and u is solution of (see [7])

V-o(u) +po’u=0 in Q,
clun=0 on X, (3)
u-n=0 on2

It turns out that for certain regions and some frequencies p,w?, known as Jones frequencies, problem (3)
have nontrivial solutions. This seems to be a rare eventuality but we will, in any case, assume that (3) admits
only the trivial solution.
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3. A variational formulation with nonlocal boundary conditions

Let us introduce an artificial boundary I' such that Q, lays in its interior. Then, I separates R* into a
bounded domain Q~ and an unbounded region Q; exterior to I'. We denote Q, := 2, N Q. Notice that

Q =9 UQ cf. Fig. 1.
We con51der the sesquilinear forms

A(u,v) = /Q (a(u) : &(v) — p,o*u - v) dx,

a(p,q) = /Qi(Vp~Vq —k’pg)dx and D(v,q) = Av-nq dr.
f

pre?
It is straightforward to show that in Q; u satisfies the variational formulation
find u € (H'(®,)) such that A(u,v) + D(v,p) = L(v) W e (H'(Q))’, 4)

where
L(v) := / f-vdx —D(v,w)
Q
while p|Q; is a solution of

find pc H'(Q ') such that a(p,q) + D(u,

6p _
fwz/ gdt=1{(q VqEHl(Qf). (5)
Here, the unit normal v on I is directed into Q} and

1 ow
lq) = s /z nd dr.

On the other hand, using a Green formula, the radiation conditions (2) and the fact that p solves the
Helmhotz equation in Q}, one arrives at the following integral representation:

OE(x, 0

o) = [ By an, B L) dn, ey, ©
r vy r ov

where

1
E(x,y) = g Hy" (k|x — y)

L of

Fig. 1. Geometry of the problem.
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is the radial outgoing fundamental solution of the Helmholtz equation and Hél) stands for the Hankel
function of order 0 and first kind. The symmetric BEM-FEM method introduced in [2] uses two boundary

integral identities relating on I' the trace of p and its normal derivative g—’v’. These boundary integral

equations arise from the integral representation formula (6) and the jump conditions of the layer potentials.
Our purpose is to perform the coupling of these boundary equations with (4) and (5), but let us first in-
troduce some notations and basic properties.

In the sequel, we choose I' to be an infinitely differentiable boundary and we denote by x : R — R* a
regular 2n-periodic parametric representation of this curve

IX'(s)] >0 VseR and x(s) =x(¢t) <= t—s€2nZ.

Therefore, we can identify any function ¢ defined on I with the 2rn-periodic function gox. This parame-
terization of I" also allows us to define the parameterized trace on I' as the unique extension of

y: 6(@;) — L(0,2n),

q+7q = q|0x

to the whole of H'! (/). Theorem 8.15 of [6] proves that y : HI(QJ?) — H'? is bounded and onto, where
H'/? is the completion of %52 with the norm

12
'mwf<ZXlwﬂ”@mw>.

neZ

We denoted here by %5, the space of 2n-periodic and infinitely differentiable complex valued functions of a
single variable and

o 1 2“ —Ins
G = [ el ds

are the Fourier coefficients of g € 5. We will denote by H~!/? the dual space of H'/2. The L*(0, 2rt)-bilinear
form product [ A(s)p(s) ds can be extended to represent the duality between H~'/? and H'/2. We will keep
the same notation for this duality bracket.

We introduce parameterized versions of the single and double layer acoustic potentials

FLg(s) :/OKV(s,t)g(t) dr and Zg(s) :/ORK(s,t)g(t) ds,
where

V(s.) i= 2 Hy' (kIx(s) = x(0))
and

K(s,t) == —

£ 0 e — o)) S0 =068 ~ X000 ~ )

with Hlm being the Hankel function of first kind and order one.
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Let us introduce the auxiliary unknown ¢ given in terms of the normal derivative of p on I by
o
= |X/| =~ox.
&= X)L

Parameterizing the integrals on I’ in the traditional symmetric BEM-FEM method (cf. [2]) yields to (a
similar strategy is used in [9,11,15])

W= (%/Jr@)wv— e,
(7)

1
E=—-Hyp+ <§f - @*) g,

where . is the identity operator, &" is the adjoint of & and  is the hypersingular operator which is related
to the single layer operator via tangential derivatives, see [8]. With our notations this relation reads

2n 2n 2n N
| e ai= [ [Ca@wa woe e,
0 0 0

where .7 is the integral operator whose kernel is given by V(¢,s) := x'(¢) - X'(s)V (1,5).
Combining (4) and (5) with (7) we arrive at the following global weak formulation of (1) and (2):
find u € (H'(Q,))’, p € H'(2;) and & € H* such that
A(“a V) + D(Vap) - L(V),
a(p,q) +D(u,q) — b(yq. &) +c((p)', (va)) — Kd(vp, vq) = £(q),
= b(yp,n) —e(&m) =0
for all v e (H'(Q,))*, q € H'(Q;) and n € H~2. We have denoted

e =z [Tnor 0 ar and sep = [Ta0 (3 - 2 )oro) a

pro? pro?

and

d(yp,vq) == ! 5 /0 nyq(t)(ﬁ”yp)(t) de.

prw

Theorem 1. Assume that problem (3) admits only the trivial solution and that k* is not an eigenvalue of the
Laplacian in Q with a Dirichlet boundary condition on I'. Then, the solution of problem (8) is unique.

Proof 1. Let (uy, po, &;) be a solution of (8) with f =0 and w = 0. We define the function

o [polx) ifxeQ,
P = 2x) ifxeq),

where

A= [ om0 [ Ewx(0)a(0 o
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It is easy to show that g, py and &, solve the equations:

Vo) + p,0’uy =0 in Q,
Apy+Kpp =0 inQ;,
a(up)n=—(pp +w)n on X,

, 0 1 .
N0 Lo = Ay + (y—sz )50.

On the other hand, z also solves the Helmholtz equation in Q;
Az+kz=0 inQf (10)

and it satisfies the asymptotic conditions (2). Besides, the jump properties of the double layer potential and
the normal derivative of the single layer potential through I' provides the relations (cf. [15]):

1
yz = (2f + 9)?190 - &,
(11)

0z 1 \
\x/(t)|aox = —Aypy + (EJ—EZ >§0.

Combining (10), (11), and (2) with (9) proves that (uo,p) is a solution of (1) with data f =0 and w = 0.
Now, our assumption on problem (3) ensures that (ug, p) vanishes identically and consequently

1

Finally Theorem 3.3.4. of [15] proves that, under our hypothesis on k, operator 1.# — &* is one-to-one and
the result follows. [

Remark 1. Standard arguments permits one to show that problem (8) is a compact perturbation of a well-
posed problem. Thus, by virtue of the Fredholm alternative, Theorem 1 is in fact also an existence result.

4. Discrete problem

For simplicity of exposition, in the rest of the paper we assume that X is a polygonal boundary. Let N be a
given integer. We consider the equidistant subdivision {¢, := in/N; i =0,...,2N — 1} of the interval [0, 27|
with 2N grid points. We denote by €, the polygonal domain whose vertices lying on I are
{x(t,) :i=0,...,2N — 1}. Let {7, } bearegular family of triangulations of @, by triangles T of diameter /7 not
greater than max |X'(s) | with 4 := n/N. We assume that the restriction ©§, := {T € 1,; T C Q,} of 7, to Q;isa
triangulation and set 7} := 1, \ . Notice that Q,, = interior(U,_,T) is a polygonal approximation of €.

We introduce the finite element spaces . ! '

Ve = {ve%°(Q,); v|, e P(T) VT € 1)}

and
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Vi i={q €€ (Q,,); ql; € P(T) VT € 7}},

where P (T) is the space of linear functions on 7.

Let I'; be the exterior boundary of Q,,. We follow [12] and define a discrete counterpart 7, of the
parameterized trace operator y. This discrete linear operator will relate the space of traces
V() = {4 r4q € ¥/} of functions in ¥/ to the subspace 7, C H'/? defined by the set of continuous, 27-
periodic and piecewise linear functions on the uniform partition of [0, 2x] into 2N grid points. It is clear
that

i V(D) = T,

qlr, = 14

is uniquely determined by the conditions y,q(#;) := ¢(x(¢;)) for i =0,...,2N — 1.
Let n be a given integer and consider the 2n-dimensional space

n n—1

T, = { Zajcost— Zb_,-sinjt; aj,b; € C}.
J=0 J=1

The discrete version of (8) is then given by

find u, € (V,f)z, P € V,‘,f and &, € T, such that
A(uy,v) + D(v,py) = L(v),
a(pr,q) + D(Wi,q) = b(144.&,) + c((npn)'s (149)") — K2d (u0ns 140) = £(q),
= b(yupn,n) = c(&yym) =0

for all ve (V;)’, g€ ¥/ and y € T,.

5. Full discretization of the equations
5.1. Approximation of the interior terms

Under the condition that p, and p, are constant, the integrals involved in the sesquilinear forms 4(u, v),
a(p,q) and D(v,q) may be computed exactly for discrete variables u, v, p and q.

We can associate to any continuous function g : © — C the continuous and piecewise linear function
I%(g) : ¥ — C uniquely determined by the conditions: /%g(a) = g(a) for all vertex a € 1, that belongs to X.
We assume that f is continuous in Q, and approximate L(v) for all v € ¥ by

Ly(v) == Z %W(T) i:(f-v)(af) — /Zv -nIk(w) dr,

Ter, i=1

where a] are the vertices of triangle 7. We also set

1 2 Ow
U(q) = l(q) ._W /Z[Z<6n>q dr

for all g € V.
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5.2. Approximation of c¢(-,-)

For any continuous and 2n-periodic function g we consider the composite trapezoidal rule

associated to the uniform partition of [0, 2x] into 2n grid points.
We proceed as in [6] and obtain a quadrature formula for the improper integral

(Aog) (0 =——/2n 1og(—sm —)g< ) ds (13)

by replacing the function g(s) by its trigonometric interpolation polynomial
2n—1 .
jm
@00 = 22100
=0

where the Lagrange basis is given by

1 n—1 .
Ly(s) = M(H2§:wMG—2)+wMG—Zj> Vi=0,....2n—1.

We then obtain

2n—

(e)0) = 2 = Y R0 ().

where, for j =0,...,2n — 1, the weights

141 1 '
Rj(»" ——i—;;%cosm(t——)—kz cosn(t %)

are deduced by evaluating explicitly the integrals (AL;)(¢); cf. [6].
Using the splitting

Vits) = —%Vl(t,s) log (g sin tT) + Wh(t,s), (14)

of the single layer acoustic potential kernel, where Vi (1, s) := $Jo(k|x(¢) — x(s)|) and J, is the Bessel function
of order zero, we obtain

2n 2n 2n
proeten = [ o as [ [Tz )i a (15)
0 0 0
Herealfter, taking into account that ¥} and V; are in %3, with respect to each variable, the first term of the
right-hand side in (15) may be approximated by using the quadrature rule 2, for the internal integral and 2,
for the external one. The two-dimensional quadrature rule derived from 2, is applied to the second term. In
other words, we are introducing an approximation of the sesquilinear form ¢(-,-) on 7, x T, given by

pr’e, (&) = 2,2, (t, ) E()n(0)] + 24[ 2.5 (t, ) EC)n(2))].
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Notice that we may equivalently write

2n—1 2n—1
Jm in
e = 32 (S () ()
T[T in jn 2 in jm
c,-,:=—R§->(—)V1(—,’—>+—2V2<—,]—>.
n n n n n n n

5.3. Approximation of b(-,-)

with

We point out that the kernel K(-,-) associated to the sesquilinear form b(-,-) is continuous but not
differentiable, therefore, it is necessary to split it, as we did for V(-,-) in (14), before using any quadrature
rule. Here again, we follow [6] and write

K(t,s) = 21 Ki(t,5)log <i sin tT) + K»(¢,5) (16)

with

X3 (8)(aa (1) = x1(5)) = %1 () (2 (#) = xa(s))
x(1) —x(s)| ’

and J; being the Bessel function of order one. It turns out that K; and K, belong to %5, in each variable.
We introduce the composite trapezoidal rule

2v(g) :=%2N2;g<%>

i=

Kilt:5) = ~ S (KIx(2) = x(5))

associated to the uniform partition of [0, 27| into 2N grid points. Given ¢ € V}f and n € T,, our strategy
consists in approximating

@’ pb(14q, 1) %/Onth(t)n(t) dt/0nAo(Kl('aS)'?('))(S)VhQ(S) ds
- /0 ' ( ; nKz(taS)”/hQ(S) ds)n(t) d

by employing 2,, 2, and 2y as follows:

@ p b (7495 1) :=%/0nvhq(t)n(t) dr — 25[2,[K1 ()0 ()]74q(s)] — 20 [2.[K (-, 8)n()pag(s))-

In other words,

1 2N—1 2n—1 in ch
buu(vag,m) = wzpf Z ZBijﬂ<n> CI(N),
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1 [ T o JT in jn n? in jn

and {¢;(t), j=0,...,2N — 1} is the nodal basis of T}, i.e., the 2n-periodic, continuous and piecewise linear
functions that satisfy E,(ﬁ) =0, forall 0<i,j<<2N — 1.

5.4. Approximation of c((-)',(+)")

Let p and ¢ be two given functions in Vhf . It is straightforward to show that
N2 = jn in
wzﬂfc(("/hp)/a (VhCI)l) = P Z (ﬁi,j - ﬁi+1‘/ - ﬂi,jﬂ + ﬁi+1\/+1)17<ﬁ>6]<ﬁ>7
ij=0

where

i1 L1
B, = / / V(t,s) ds di
ti tj

with ; =%, i=0,...,2N — 1.
Before defining quadrature rules to approximate the integrals f3;; we have to introduce a new decom-
position of the singular kernel ¥ (¢,s) that is more convenient for our purpose. Namely, we set

V(t,s) == Vi(t,s)log(t — s)* + F(t,s)
with

F(t,5) == Vi(t,s) log <tS2) + (1, s).

s 2
4lnls

It results that F is ¥ in the domain O := {(¢,s);|t — s| < 2n}. Numerical quadratures must then be
handled with care in order to avoid the neighborhood of the singular points situated on the lines
{(z,5); |t — s| = 2n}. In fact, it suffices to compute the approximations f8;; of f,; for indices that satisfy
|li — jl <N and recover f, ; fori,j = 0,...,2N — 1 by taking advantage of the 2n periodicity of V'(-,-) in both
variables. Hence, for 0 <i<2N — 1 and i — N<j<i+ N — 1 we define

- i1 L1 ) TCZ
Bij = Ntis12, ’j+1/2)/ / log(t —5)” ds dt +mF(ff+1/2v?/+1/2),
t 4

where £/, := (i +1)%. The integral appearing in the definition of B,-, ; 1s computed exactly. We also point
out that we used the two-dimensional midpoint formula

lit1 L1 ’IIZ
/ / F(I,S) ds dIZﬁF(l[+1/2,1j+1/2).
t t

It follows that our approximation of ¢((-)’, (:)") on T, x Tj, is given by

en((mp)'s (nq)) = wzlp. Mi Nil EiiP(%)‘](iNn)v

f =0 j=—N+i
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where

2

N - - -
E;:= =) (ﬁ,:j - ﬁi+u - ﬂi,j+1 + ﬁi+l.j+l)'

5.5. Approximation of d(-,-)

For p and ¢ in V,f , we have the decomposition

2n 2n 2n 2n
@?pd(pp, 79) = /0 /0 Vi(t,5)log(t — s)y,pysq ds dt + /0 /0 F(t,8)ypyaq ds dt,

where Vi (t,s) = X'(t) - X'(s)Vi(t,5) and F(t,s) = X'(1) - X'(s)F (1, ).
We propose an approximation dj(u,v) of d(u,v) defined by

1 2N—-1 N+i—1 JTC in
AV R op, Z Z ijP(ﬁ)Q(ﬁ)

i=0 j=—N+i

I ]TC i+1 1+] ITC ch
( )/ / log(t — s)2£,(s)¢ ()dsdt+N2F<N N)

with

~t

Dij =

The first term of the right-hand side of the last equation is computed exactly. We also notice that we
approximated the integral of F(¢,s)y,p(s)y,q(¢) by using the bidimensional trapezoidal rule.
We are now in a position to propose a completely discrete version of the Galerkin scheme (12):

find u; € (V})*, p; € ¥/ and & € T, such that
uh7 )+D(V ph) Lh( )7 (17)
+ D, q) — buu(24q, ) + ci((ip})'s 04a)) = i 00y, 14q) = Ca(q),

a(p;,q)
bhn(VhPh? ) cﬂ(£:7n):0

2

for allve (V7)’, g€ ¥/ and y € T,.

5.6. Matrix form of the fully discrete problem

Let us denote by {¢}, i=1,...,M;} and {(p{, i=1,... ,M,{} the nodal basis of ¥}’ and Vhf, respectively.
We also consider the canonical basis {e; := (1,0),e, := (0,1)} of R%.
For 1 <a, f <2 we denote by A the M; x M; matrix whose entries are given by

AL = A(ple,, gley).

Let us also introduce the M, x M,{ matrix D* (« = 1,2)
DIO; = D(¢§eaa ¢5)

If we set

2n—1

ZZ“ P, P = szq’” f_ZfL-

o=1 i=
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and use the superscript ()T to denote transposition of matrices, then, the matricial interpretation of (17)
takes the form

A D 0 u F
D' R K pl=16G], (18)
0 K' -C ¢ 0
where
All A12 Dl
A= <A2l A22)1 D:= <D2>

R, == a(o], o) + (@) (n9})) — Rdn(n,0],740)),

and

K,—k = _bh,n(VhQD;yLk) and Ck[ = C,,(L‘,-,L[).
The right-hand side of (18) is given by

1
F:= <£2> with F} := L,(¢le,) (x=1,2) (i=1,...,M))

and
G =U4(p]) (i=1,...,M)).

The matrix in (18) is complex symmetric but it is badly structured since A, D and the part of R corre-
sponding to the sesquilinear form a(-, -) are sparse matrices while C and K are full. The global matrix is too
large to be stored and handled. In the next section we will propose an efficient iterative method to solve (18).

6. Numerical results

We test our numerical method on a problem (1) whose exact solution is known explicitly. We take
Q, =(-0.2,0.2) x (—0.4,0.4) and define I' to be the ellipse centered at the origin with minor and major
semiaxes equal to 0.4 and 0.6, respectively. We also choose p; = p, = ¢ = 2 = p = 1. Let us denote by K,
K, and K, the modified Bessel functions of the second kind and order 0, 1 and 2, respectively. The function
given by

1) — By (x)
u,(x) = m ( i)(x1%3)xlzx<;()x (n =/ (a1 — 0.3)2 +x§)

with

¥a) = Kator) + o (Kior) = 550 (1))

and

1) = Kataon) - 1Ko (20

is a solution of the elastodynamic equation in Q; when f = 0.
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On the other hand, the scalar function

pe(x) = Hy(or)  (r=|x])

solves the Helmholtz equation in € and satisfies the radiation conditions (2). Thus, (u,, p.) is solution of (1)
if we impose on X the transmission conditions:

a(u)n + pn = o(u,)n + p.n,
op Op.
20on—P _ u .n_Pe
. T e
In Table 1, we take @ = 1 and 4 = 21t/128 while v = 5 and 4 = 2n/128 in Table 2. In both cases we de-
crease the spectral parameter » until we obtain the smallest value that preserves the order of accuracy.
We can see that the number of degrees of freedom is drastically reduced. This justifies the following

strategy used to solve the linear systems of equations. We eliminate the boundary variable from (18) to
obtain the reduced system

(o woxewr)(3)=(c) (19

The system of equations (19) is then solved by a preconditioned GMRES method. We use the block di-
agonal matrix

Table 1
Convergence history and number of iterations of the method for different values of the parameter n when w = 1 and h = 2r/128
2n flu—will, g, P = Pillie,
64 3.29x 1073 427 %1073
32 3.29 x 1073 3.29 x 1073
16 329 x 1073 3.24x 1073
8 3.29 x 1073 8.09 x 1073
Table 2
Convergence history and number of iterations of the method for different values of the parameter n when w = 5 and & = 2r/128
2n H“‘“;HI,Q HP_PZHI,Q,
64 423 %1073 9.97x 1073
32 423 %1073 9.91x 1073
16 423 %1073 9.90 x 1073
8 7.88 x 1073 4.96 x 1072
Table 3
Convergence history and number of iterations of the method for different values of the parameter # when @ = 5 and n =8
h flu—w;ll; q llo—pilliq Iterations
2n/32 2.62x 1072 7.58 x 1072 22
2n/64 8.76 x 1073 2.89 x 1072 22
2n/128 423 %1073 9.90 x 1073 21

2m/256 1.9x 1073 52x1073 21
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0 0.05 0.1 0.15 0.2 0.25

Fig. 2. The arithmetic mean of the H'-errors in displacement and pressure versus /.

0.8 I I I I I I
0 1 2 3 4 5 6

Fig. 3. Real (above) and imaginary (below) parts of the variable £. The analytical solution is represented by a line and the computed
solution (with A = 2n/128, w = 5 and 2n = 16) by plus signs.
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Ay 0
0 Ry

as a preconditioner, where Ay and R, are the matrices associated to the sesquilinear forms fQ o(u) : e(v) dx
and [,- Vp- Vg dx, respectively. We use a version of GMRES without restarts. We take as an initial guess
an identically vanishing function in both @, and Q, . Tterations are continued until |71 ||,/|l7ll, < 107,
where 7, is the kth residual. '

Each iteration of the GMRES method entails the solution of a linear system with a full but small matrix
C and the solution of two other linear systems with sparse matrices A, and Ry. This can be performed by
any of the numerous strategies existing in the literature for these standard stiffness matrices. Table 3 shows
the number of iterations against 4 with n = 8 and w = 5. The numerical results suggest that the method has
a number of iterations bounded independently of the critical parameter 4. Fig. 2 depicts the results of Table
3 and shows that, as expected, the error grows linearly with respect to the mesh parameter. Finally, the
accuracy of our method on the coupling boundary is illustrated by Fig. 3 with the data # = 2n/128, 0 = 5
and 2n = 16. In each graphic we compare the real and imaginary parts of the 2n-periodic unknown on the
boundary to its discrete counterpart. The exact and approximated solutions are superposed in each graphic.
The analytical solution is represented by the continuous line.
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